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Abstract
Two novel version of weak form quadrature elements are proposed
based on Lagrange and Hermite interpolations, respectively, for a sec-
ond strain gradient Euler-Bernoulli beam theory. The second strain
gradient theory is governed by eighth order partial differential equa-
tion with displacement, slope, curvature and triple derivative of dis-
placement as degrees of freedom. A simple and efficient differential
quadrature frame work is proposed herein to implement these classi-
cal and non-classical degrees of freedom. A novel procedure to com-
pute the modified weighting coefficient matrices for the beam element
is presented. The proposed elements have displacement as the only
degree of freedom in the element domain and displacement, slope, cur-
vature and triple derivative of displacement at the boundaries. The
Gauss-Lobatto-Legender quadrature points are assumed as element
nodes and also used for numerical integration of the element matrices.
Numerical examples are presented to demonstrate the efficiency and
accuracy of the proposed beam element.
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1.0 INTRODUCTION
The differential quadrature method is an efficient numerical technique for
the solutions of linear and non-linear partial differential equations [1]- [2].
It was first introduced by Bellman et.al [3] and later developed by many
researchers [4]- [16]. The developments in this field primarily focused on
the generalization of this techniques from the perspective of multi-boundary
conditions and complicated geometries. As a consequence many improved
versions have been developed and applied to the problems of science and
engineering [17]- [22]. As exhaustive survey of the developments in the dif-
ferential quadrature method can be found in the review paper by Malik
et.al [23].
In this paper we propose for the first time two novel versions of quadra-
ture beam elements based on the weak form of governing equation to solve
a eighth order partial differential equation associated with the second strain
gradient elasticity theory. The two elements are formulated using the Her-
mite and Lagrange interpolations, respectively. These elements are the ex-
tension of the earlier work by authors [24]- [25], on weak form quadrature
elements for first strain gradient theory, which is governed by sixth order
partial differential equation [26]- [40]. The second strain gradient elastic-
ity theory is an enriched version of the classical theory or the first strain
gradient theory accounting for higher order gradients of strains, and yiled
curvature and triple derivative of displacements as additional degrees of free-
dom [41]- [44]. A novel differential quadrature framework is proposed herein
to account for these non-classical degrees of freedom in a simple and efficient
manner. This framework is formulated with the aid of variation principles,
differential quadrature rule and Gauss Lobatto Legendre (GLL) quadrature
rule. Here, the GLL points are used as element nodes and also to perform
numerical integration to evaluate the element matrices. The procedure for
computing the stiffness matrices at the integration points is analogous to the
conventional finite element method. The proposed quadrature elements have
displacement, slope, curvature and triple derivative of displacement as the
degrees of freedom at the element boundaries and only displacement in the
domain. Numerical results on bending, free vibration and stability analysis
of second gradient beams are presented to demonstrate the capability of the
proposed elements.
2
1 Second strain gradient elasticity theory
The second strain gradient micro-elasticity theory with two classical and two
non-classical material constants is consider in the present study [41,44]. The
two classical material coefficients are Lame
′
constants and the non-classical
ones are gradient coefficients with the dimension of length. In what follows,
the variational formulation for the second strain gradient Euler-Bernoulli
beam theory is presented for the first time. Further, the governing equation
and associated classical and non-classical boundary conditions are discussed.
The potential energy density function for a second strain gradient theory
is given by:
W =
1
2
σijεij +
1
2
g21(∂kσij)(∂kεij) +
1
2
g42(∂l∂kσij)(∂l∂kεij) (1)
The stress-strain relations for 1-D second strain gradient elastic theory
are defined as [41]
τ = 2 µ ε+ λ trε I
ς = g21 [2 µ ∇ε+ λ ∇(trε) I]
ς¯ = g42 [2 µ ∇∇ε+ λ ∇∇(trε) I] (2)
where, λ, µ are Lame
′
constants and g1, g2 are the strain gradient coefficients
of dimension length. ∇ = ∂
∂x
+ ∂
∂y
is the Laplacian operator and I is the unit
tensor. τ , ς and ς¯ denotes Cauchy, double and triple stresses respectively, ε
and (tr ε) are the classical strain and its trace which are expressed in terms
of displacement vector w as:
ε =
1
2
(∇w + w∇) , trε = ∇w (3)
It follows from the above equations the constitutive relations for an Euler-
Bernoulli second gradient beam can be stated as
τx = Eεx, ςx = g
2
1 E ε
′
x, ς¯x = g
4
2 E ε
′′
x
εx = −z∂
2w(x, t)
∂x2
(4)
For the above state of stress and strain the strain energy expression in terms
of displacement for a beam defined over a domain −L/2 ≤ x ≤ L/2 can be
written as:
U =
1
2
∫ L/2
−L/2
EI
[
(w
′′
)2 + g21(w
′′′
)2 + g42(w
88′)2
]
dx− 1
2
∫ L/2
−L/2
P (w
′
)2dx (5)
3
The potential energy of the applied load is given by
W =
∫ L/2
−L/2
q(x)wdx− [V w]L/2−L/2 + [Mw′]L/2−L/2 + [M¯w′′]L/2−L/2 + [M¯w′′′]L/2−L/2
(6)
The kinetic energy is given as
K =
1
2
∫ t1
t0
∫ L/2
−L/2
ρAw˙2dxdt (7)
where, E, A and I are the Young’s modulus, area, moment of inertia, re-
spectively. q and w(x, t) are the transverse load and displacement of the
beam. V , M , M¯ and M¯ are the shear force, bending moment, double and
triple moment, respectively. P is the axial compressive force and over dot
indicates differentiation with respect to time.
Using the The Hamilton’s principle [46]:
δ
∫ t1
t0
(U −W −K) dt = 0 (8)
we get the following weak form expression for elastic stiffness matrix ‘K’,
geometric stiffness matrix ’G’ and consistent mass matrix ‘m’ as
K =
∫ L/2
−L/2
EI
[
w′′ δw′′ + g21 w
′′′
δw
′′′
+ g42 w
88′δw88′
]
dx (9)
G =
∫ L/2
−L/2
Pw′ δw′dx (10)
m =
∫ L/2
−L/2
ρA w˙ ˙δw dx (11)
Using the Equations (9)-(11) the governing equation of motion for a second
strain gradient Euler-Bernoulli beam is obtained as
EI(w88′ − g21w8′′ + g42w8′′′′) + q + Pw
′′
+ ρAw¨ = 0 (12)
and the associated boundary conditions are:
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Classical :
V = EI[w
′′′ − g21w8′ + g42w8′′′] = 0 or w = 0, at x = (−L/2, L/2)
M = EI[w
′′ − g21w′8′ + g42w8′′] = 0 or w
′
= 0, at x = (−L/2, L/2)
(13)
Non-classical :
M¯ = EI[g21w
′′′ − g42w8′′] = 0 or w
′′
= 0, at x = (−L/2, L/2)
M¯ = EI g42 w
88′ = 0 or w
′′′
= 0, at x = (−L/2, L/2) (14)
2 Quadrature elements for a second strain
gradient Euler-Bernoulli beam
In this section we present, two novel quadrature elements for a second gra-
dient Euler-Bernoulli beam. The first element is based on Lagrangian inter-
polation and the later is formulated using Hermite interpolation. A typical
N-node quadrature element for an Euler-Bernoulli second strain gradient
beam is shown in the Figure 1.
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Figure 1: A typical quadrature element for a second strain gradient Euler-
Bernoulli beam.
It can be observed that each interior node has only displacement w as
degrees of freedom and the boundary has 4 degrees of freedom w, w
′
, w
′′
and
5
w
′′′
. The displacement vector includes the slope, curvature and triple dis-
placement derivative as additional degrees of freedom at the element bound-
aries given by: w = {w1, · · · , wN , w′1, w′N , w′′1 , w′′N , w′′′1 , w′′′N}. The procedure
to incorporate these extra boundary degrees of freedom while formulating
the Lagrange and Hermite interpolation based quadrature elements will be
present next.
2.1 Lagrange interpolation based quadrature beam el-
ement
The displacement for a N-node quadrature beam is assumed as [1]:
w(x, t) =
N∑
j=1
Lj(x)w
b
j =
N∑
j=1
L¯j(ξ)w
b
j (15)
Lj(x) and L¯j(ξ) are the conventional Lagrangian interpolation functions in
x and ξ co-ordinates respectively, and ξ = 2x/L with ξ ∈ [−1, 1]. The
Lagrange interpolation functions can be defined as [1, 2]
Lj(ξ) =
β(ξ)
β(ξj)
=
N∏
k=1
(k 6=j)
(ξ − ξk)
(ξj − ξk) (16)
where
β(ξ) = (ξ − ξ1)(ξ − ξ2) · · · (ξ − ξj−1)(ξ − ξj+1) · · · (ξ − ξN)
β(ξj) = (ξj − ξ1)(ξj − ξ2) · · · (ξj − ξj−1)(ξj − ξj+1) · · · )(ξj − ξN)
The first order derivative of the Lagrange interpolation function is obtained
as,
Aij = L
′
j(ξi)

N∏
k=1
(k 6=i,j)
(ξi − ξk)/
N∏
k=1
(k 6=j)
= (ξj − ξk) (i 6= j)
N∑
k=1
(k 6=i)
1
(ξi−ξk)
(17)
The higher order derivatives of Lagrange interpolation functions are ob-
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tained as
Bij =
N∑
k=1
AikAkj , Cij =
N∑
k=1
BikAkj (i, j = 1, 2, ..., N)
Dij =
N∑
k=1
BikBkj (i, j = 1, 2, ..., N) (18)
Here, Bij, Cij and Dij are weighting coefficients of Lagrange interpolation
functions for second, third and fourth order derivatives, respectively.
The eighth order partial differential equation given in Equation (12), ren-
ders slope w
′
, curvature w
′′
and triple displacement derivative w
′′′
as extra
degrees of freedom at the element boundaries. To account for these extra
boundary degrees of freedom in the formulation, the derivatives of conven-
tional weighting function Aij, Bij, Cij and Dij are modified as follows:
First order derivative matrix :
A¯ij =

Aij (i, j = 1, 2, · · · , N)
0 (i, j = 1, 2, · · · , N ; j = N + 1, · · · , N + 6)
(19)
Second order derivative matrix :
B¯ij =

Bij (j = 1, 2, · · · , N)
0 (j = N + 1, · · · , N + 6; i = 2, 3, · · · , N − 1)
(20)
B¯ij =
N−1∑
k=2
AikAkj (j = 1, 2, · · · , N ; i = 1, N)
B¯i(N+1) = Ai1 ; B¯i(N+2) = AiN (i = 1, N) (21)
Third order derivative matrix :
C¯ij =

Cij (j = 1, 2, · · · , N)
0 (j = N + 1, · · · , N + 6; i = 2, 3, · · · , N − 1)
(22)
C¯ij =
N−1∑
k=2
BikAkj (j = 1, 2, · · · , N ; i = 1, N)
C¯i(N+3) = Ai1 ; C¯i(N+4) = AiN (i = 1, N) (23)
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Fourth order derivative matrix :
D¯ij =

Dij (j = 1, 2, · · · , N)
0 (j = N + 1, · · · , N + 6; i = 2, 3, · · · , N − 1)
(24)
D¯ij =
N−1∑
k=2
BikBkj (j = 1, 2, · · · , N ; i = 1, N)
D¯i(N+5) = Ai1 ; D¯i(N+6) = AiN (i = 1, N) (25)
Using the above Equations (19)-(25), the element matrices can be ex-
pressed in terms of weighting coefficients as
Elastic stiffnessmatrix :
Kij =
8EI
L3
N∑
k=1
HkB¯kiB¯kj + g
2
1
32EI
L5
N∑
k=1
HkC¯kiC¯kj + g
4
2
128EI
L7
N∑
k=1
HkD¯kiD¯kj
(i, j = 1, 2, ..., N,N + 1, · · · , N + 6)
(26)
Geometric stiffnessmatrix :
Gij = P
N∑
k=1
HkAkiAkj
(i, j = 1, 2, ..., N,N + 1, · · · , N + 6) (27)
Consistentmassmatrix :
Mij =
ρAL
2
Hiδij (i, j = 1, 2, ..., N) (28)
Equivalent load vector :
fi =
L
2
q(ξ)Hi (i = 1, 2, ..., N) (29)
Here ξ and H are the coordinate and weights of GLL quadrature. δij is
the Dirac-delta function.
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2.2 Hermite interpolation based quadrature beam el-
ement
The displacement for a N-node second strain gradient beam element based
on Hermite interpolations is assumed as
w(ξ, t) =
N∑
j=1
φj(ξ)wj + ψ1(ξ)w
′
1 + ψN(ξ)w
′
N + ϕ1(ξ)w
′′
1 + ϕN(ξ)w
′′
N+
ζ1(ξ)w
′′′
1 + ζN(ξ)w
′′′
N =
N+6∑
j=1
Γj(ξ)wj (30)
φ, ψ, ϕ and ζ are Hermite interpolation functions defined as [15]
ζj(ξ) =
1
6(ξj − ξN−j+1)3Lj(ξ)(ξ − ξj)
3(ξ − ξN−j+1)3 (j = 1, N) (31)
ϕj(ξ) =
1
(ξj − ξN−j+1)3L
1
j(ξ)(ξ − ξN−j+1)3(aj3 ξ3 + bj3 ξ2 + cj3 ξ + dj3) (j = 1, N)
(32)
where, aj3 = − 1.5
(ξj − ξN−j+1) −
L1j(ξj)
2
, bj3 =
1
2
− 3aj3ξj,
cj3 = −3aj3ξ2j − 2bj3ξj, dj3 = −aj3ξ3j − bj3ξ2j − cj3ξj
ψj(ξ) =
1
(ξj − ξN−j+1)3L
1
j(ξ)(ξ − ξN−j+1)3(aj2 ξ3 + bj2 ξ2 + cj2 ξ + dj2) (j = 1, N)
(33)
where, aj2 =
6
(ξj − ξN−j+1)2 +
3L1j(ξj)
(ξj − ξN−j+1) −
L2j(ξj)
2
+ [L1j(ξj)]
2
bj2 = − 3
(ξj − ξN−j+1) − 3aj2ξj − L
1
j(ξj), cj2 = 1− 3aj2ξ2j − 2bj2ξj,
dj2 = −aj2ξ3j − bj2ξ2j − cj2ξj
φj(ξ) =
1
(ξj − ξN−j+1)3L
1
j(ξ)(ξ − ξN−j+1)3(aj1 ξ3 + bj1 ξ2 + cj1 ξ + dj1) (j = 1, N)
(34)
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where, aj1 =
1.5
(ξj − ξN−j+1){L
2
j(ξj)− 2[L1j(ξj)]2} −
10
(ξj − ξN−j+1)3−
6L1j(ξj)
(ξj − ξN−j+1)2 −
L3j(ξj)
6
+ L1j(ξj)L
2
j(ξj)− [L1j(ξj)]3
bj1 =
3L1j(ξj)
(ξj − ξN−j+1) +
6
(ξj − ξN−j+1)2 −
L2j(ξj)
2
+ [L1j(ξj)]
2 − 3aj1ξj
cj1 = − 3
(ξj − ξN−j+1) − L
1
j(ξj)− 3aj1ξ2j − 2bj1ξj,
dj1 = 1− aj1ξ3j − bj1ξ2j − cj1ξj
φj(ξ) =
1
(ξj − ξ1)3(ξj − ξN)3Lj(ξ)(ξ − ξ1)
3(ξ − ξN)3 (j = 2, 3, ..., N − 1)
(35)
The kth order derivative of w(ξ) with respect to ξ is obtained from Equa-
tion (30) as
wk(ξ) =
N∑
j=1
φkj (ξ)wj + ψ
k
1(ξ)w
′
1 + ψ
k
N(ξ)w
′
N + ϕ
k
1(ξ)w
′′
1 + ϕ
k
N(ξ)w
′′
N+
ζk1 (ξ)w
′′′
1 + ζ
k
N(ξ)w
′′′
N =
N+6∑
j=1
Γkj (ξ)wj (36)
10
The derivatives of the Hermite interpolations are defined as follows:
ζkj (ξ) =
1
6(ξj − ξN−j+1)3
{
Lkj (ξ)(ξ − ξj)3(ξ − ξN−j+1)3 + 3kLk−1j (ξ)
(ξ − ξj)3(ξ − ξN−j+1)2 + 3kLk−1j (ξ)(ξ − ξj)2(ξ − ξN−j+1)3+
9k(k − 1)Lk−2j (ξ)(ξ − ξj)2(ξ − ξN−j+1)2 + 3k(k − 1)Lk−2j (ξ)
(ξ − ξj)3(ξ − ξN−j+1) + 3k(k − 1)Lk−2j (ξ)(ξ − ξj)
(ξ − ξN−j+1)3 + k(k − 1)(k − 2)Lk−2j (ξ)(ξ − ξj)3+
k(k − 1)(k − 2)Lk−2j (ξ)(ξ − ξN−j+1)3+
9k(k − 1)(k − 2)Lk−3j (ξ)(ξ − ξN−j+1)(ξ − ξj)2+
9k(k − 1)(k − 2)Lk−3j (ξ)(ξ − ξN−j+1)2(ξ − ξj)+
3k(k − 1)(k − 2)(k − 3)Lk−2j (ξ)(ξ − ξj)(ξ − ξN−j+1)2+
3k(k − 1)(k − 2)(k − 3)Lk−2j (ξ)(ξ − ξN−j+1)(ξ − ξj)2+
9k(k − 1)(k − 2)Lk−3j (ξ)(ξ − ξN−j+1)(ξ − ξj)
}
(j = 1, N) (37)
φkj (ξ) =
1
(ξj − ξj)3(ξj − ξN−j+1)3
{
Lkj (ξ)(ξ − ξj)3(ξ − ξN−j+1)3 + 3kLk−1j (ξ)
(ξ − ξj)3(ξ − ξN−j+1)2 + 3kLk−1j (ξ)(ξ − ξj)2(ξ − ξN−j+1)3+
9k(k − 1)Lk−2j (ξ)(ξ − ξj)2(ξ − ξN−j+1)2 + 3k(k − 1)Lk−2j (ξ)
(ξ − ξj)3(ξ − ξN−j+1) + 3k(k − 1)Lk−2j (ξ)(ξ − ξj)(ξ − ξN−j+1)3+
k(k − 1)(k − 2)Lk−2j (ξ)(ξ − ξj)3 + k(k − 1)(k − 2)Lk−2j (ξ)
(ξ − ξN−j+1)3 + 9k(k − 1)(k − 2)Lk−3j (ξ)(ξ − ξN−j+1)(ξ − ξj)2+
9k(k − 1)(k − 2)Lk−3j (ξ)(ξ − ξN−j+1)2(ξ − ξj)+
3k(k − 1)(k − 2)(k − 3)Lk−2j (ξ)(ξ − ξj)(ξ − ξN−j+1)2+
3k(k − 1)(k − 2)(k − 3)Lk−2j (ξ)(ξ − ξN−j+1)(ξ − ξj)2+
9k(k − 1)(k − 2)Lk−3j (ξ)(ξ − ξN−j+1)(ξ − ξj)
}
(j = 2, 3, ..., N − 1)
(38)
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φkj (ξ) =
1
(ξj − ξN−j+1)3
{
Lkj (ξ)(ξ − ξj)3(aj1ξ3 + bj1ξ2 + cj1ξ + dj1)+
3kLk−1j (ξ)(aj1ξ
3 + bj1ξ
2 + cj1ξ + dj1)(ξ − ξj)2+
kLk−1j (ξ)(3aj1ξ
2 + 2bj1ξ + cj1)(ξ − ξj)3 + 3k(k − 1)Lk−2j (ξ)
(3aj1ξ
2 + 2bj1ξ + cj1)(ξ − ξj)2 + 3k(k − 1)Lk−2j (ξ)(aj1ξ3
+bj1ξ
2 + cj1ξ + dj1)(ξ − ξj) + k(k − 1)Lk−2j (ξ)(3aj1ξ + bj1ξ)
(ξ − ξj)3 + k(k − 1)(k − 2)Lk−3j (ξ)(aj1ξ3 + bj1ξ2 + cj1ξ + dj1)+
3k(k − 1)(k − 2)Lk−3j (ξ − ξj)(3aj1ξ2 + 2bj1ξ + cj1)+
3k(k − 1)Lk−3j (ξ − ξj)2(6aj1ξ + 2bj1) + k(k − 1)
(k − 2)aj1Lk−3j (ξ − ξj)3 + k(k − 1)(k − 2)Lj(3aj1ξ2+
2bj1ξ + cj1) + 3k(k − 1)(k − 2)Lj(ξ − ξj)2+
3k(k − 1)Lj(ξ − ξj)(6aj1ξ + 2bj1)
}
(j = 1, N) (39)
γkj (ξ) =
1
(ξj − ξN−j+1)3
{
Lkj (ξ)(ξ − ξj)3(αj1ξ3 + αj2ξ2 + αj3ξ + αj4)+
3kLk−1j (ξ)(αj1ξ
3 + αj2ξ
2 + αj3ξ + αj4)(ξ − ξj)2+
kLk−1j (ξ)(3αj1ξ
2 + 2αj2ξ + αj3)(ξ − ξj)3 + 3k(k − 1)Lk−2j (ξ)
(3αj1ξ
2 + 2αj2ξ + αj3)(ξ − ξj)2 + 3k(k − 1)Lk−2j (ξ)(αj1ξ3
+αj2ξ
2 + αj3ξ + αj4)(ξ − ξj) + k(k − 1)Lk−2j (ξ)(3αj1ξ + αj2ξ)
(ξ − ξj)3 + k(k − 1)(k − 2)Lk−3j (ξ)(αj1ξ3 + αj2ξ2 + αj3ξ + αj4)+
3k(k − 1)(k − 2)Lk−3j (ξ − ξj)(3αj1ξ2 + 2αj2ξ + αj3)+
3k(k − 1)Lk−3j (ξ − ξj)2(6αj1ξ + 2αj2) + k(k − 1)
(k − 2)αj1Lk−3j (ξ − ξj)3 + k(k − 1)(k − 2)Lj(3αj1ξ2+
2αj2ξ + αj3) + 3k(k − 1)(k − 2)Lj(ξ − ξj)2+
3k(k − 1)Lj(ξ − ξj)(6αj1ξ + 2αj2)
}
(j = 1, N) (40)
In the above equations, φkj (ξ) = γ
k
j (ξ) with αj1 = aj1, αj2 = bj1, αj3 =
cj1, αj4 = dj1. Similarly, ψ
k
j (ξ) = γ
k
j (ξ) with αj1 = aj2, αj2 = bj2, αj3 =
cj2, αj4 = dj2 and ϕ
k
j (ξ) = γ
k
j (ξ) with αj1 = aj3, αj2 = bj3, αj3 = cj3, αj4 =
dj3.
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Using the above Equation (30)-(40), the element matrices can be ex-
pressed in terms of weighting coefficients as
Elastic stiffnessmatrix :
Kij =
8EI
L3
N∑
k=1
HkΓ
(2)
ki Γ
(2)
kj + g
2
1
32EI
L5
N∑
k=1
HkΓ
(3)
ki Γ
(3)
kj + g
4
2
128EI
L7
N∑
k=1
HkΓ
(4)
ki Γ
(4)
kj
(i, j = 1, 2, ..., N,N + 1, · · · , N + 6)
(41)
Geometric stiffnessmatrix :
Gij = P
N∑
k=1
HkΓ
(1)
ki Γ
(1)
kj (i, j = 1, 2, ..., N,N + 1, · · · , N + 6) (42)
Here ξ and H are the coordinate and weights of GLL quadrature. δij
is the Dirac-delta function. The super-script of Γ in the Equation (41)-(42)
indicates the order of derivative of the Hermite interpolation function.The
consistent mass matrix and equivalent load vector remains the same as given
by Equation (28)-(29).
Combining the elastic stiffness, geometric stiffness, mass matrix and equiv-
alent load vector we get the following system of equations

kbb kbd
kdb kdd


∆b
∆d
 =

fb
fd
+

I 0
0 ω2Mdd


0
∆d
+ P

0 0
Gdb Gdd


∆b
∆d

(43)
Here the vector ∆b contains the boundary related non-zero slope, curva-
ture and triple displacement derivative dofs. Similarly, the vector ∆d in-
cludes all the non-zero displacement dofs of the beam element. For bending
analysis Mdd = P = 0, for free vibration analysis fb = fd = P = 0 and
fb = fd = Mdd = 0 for stability analysis. The solution of the Equation
(43) after applying the appropriate boundary conditions gives the unknown
displacements, frequencies and buckling load.
3 Numerical Results and Discussion
The performance of the proposed two quadrature beam element is assessed
through static, free vibration and stability analysis of second strain gradient
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Euler-Bernoulli beam. In the present analysis single DQ element is used to
model the prismatic beams under different boundary and loading conditions.
The element based on Lagrange interpolation is designated as SQE8-L and
the element based on Hermite interpolation by SQE8-H. The results reported
herein are obtained using single quadrature element for g1 = 0.015, g2 = 0.01
and compared with the analytical values computed in the Appendix-I. The
numerical data used for the analysis of beams is as follows: Length L = 1,
Young’s modulus E = 3 × 106, Poission’s ratio ν = 0.3, density ρ = 1 and
transverse load q = 1.
3.1 Static analysis of second strain gradient beam us-
ing quadrature elements
A simply support beam subjected to uniformly distributed load is considered
in the present analysis. The deflection reported here is nondimensional as,
: w¯ = 100EIw/qL4. In Table 1, convergence of nondimensional deflection
and slope obtained using SQE8-L and SQE8-H are compared with exact
solutions obtained in Appendix-I. The deflection is evaluated at center of
the beam x = 0 and slope are computed at the left support x = −L/2.
Excellent convergence is exhibited by both elements for deflection and slope
using 11 grid points. In Table 2, the nondimensional deflection along the
length of a simply suported beam obtained using 11 noded SQE8-L and
SQE8-H elements are presented. The results show perfect match with the
analytical values along the full length of the beam.
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Nw (x=0) w
′
(x=−L/2)
SQE8-L SQE8-H SQE8-L SQE8-H
7 1.2992 1.6391 0.1667 0.1724
9 1.2993 1.2981 0.1667 0.1660
11 1.2993 1.2992 0.1666 0.1659
13 1.2993 1.2992 0.1666 0.1659
15 1.2993 1.2992 0.1666 0.1659
17 1.2993 1.2992 0.1665 0.1660
19 1.2993 1.2992 0.1665 0.1660
21 1.2993 1.2992 0.1665 0.1660
Exact 1.2992 0.1660
Table 1: Comparison of deflection and slope for a simply supported beam
under a udl.
x = 2ξ/L SQE8-L SQE8-H Exact
-1.0000 0.0000 0.0000 0.0000
-0.9340 0.1369 0.1367 0.1367
-0.7845 0.4381 0.4379 0.4379
-0.5652 0.8276 0.8272 0.8274
-0.2957 1.1649 1.1646 1.1647
0.0000 1.2993 1.2992 1.2992
0.2957 1.1649 1.1646 1.1647
0.5652 0.8276 0.8272 0.8274
0.7845 0.4381 0.4379 0.4379
0.9340 0.1369 0.1367 0.1367
1.0000 0.0000 0.0000 0.0000
Table 2: Comparison of deflection along the length for a simply supported
beam under a udl.
From the above observations it is concluded that, both SQE8-L and
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SQE8-H elements can be efficiently applied to study the static behaviour
of second strain gradient Euler-Bernoulli beam with less number of nodes.
3.1.1 Free vibration analysis of second gradient beam using quadra-
ture elements
All the frequencies reported for beams are nondimensional as ω¯ = ωL2
√
ρA/EI.
The analytical solutions for second strain gradient elastic Euler-Bernoulli
beam with different boundary conditions are obtained by following the ap-
proach given in [45] and the associated frequency equations are presented in
Appendix-I. In this study, the rotary inertia related to slope, curvature and
triple displacement derivative dofs is neglected. In Table 3, convergence of
first six frequencies for a simply supported beam obtained using the SQE8-L
and SQE8-H elements for g1 = 0.015, g2 = 0.01 are presented and compared
with analytical values. The rate of convergence is seen faster for the both
the elements for all the frequencies. Similar trend is noticed in the the Table
4, for a free-free beam.
Hence, a single SQE8-L or SQE8-H element with less number of nodes can
produce accurate solutions even for higher frequencies and can be efficiently
applied for free vibration analysis of second strain gradient beams.
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N Model ω¯1 ω¯2 ω¯3 ω¯4 ω¯5 ω¯6
7 SQE8-L 9.8894 39.6754 86.7154 205.0036 230.0011 —
SQE8-H 8.8946 33.2850 55.5569 135.7379 263.6469 —
9 SQE8-L 9.8804 39.6511 89.6556 162.8854 230.4984 607.4897
SQE8-H 9.8814 39.6565 73.9288 135.9277 223.6142 505.4761
11 SQE8-L 9.8803 39.6501 89.6955 160.7182 251.6413 394.3007
SQE8-H 9.8814 39.6658 89.2624 159.4814 219.0450 353.6155
13 SQE8-L 9.8803 39.6494 89.6916 160.6484 253.4009 371.6141
SQE8-H 9.8812 39.6648 89.7535 160.7850 248.9904 365.4424
15 SQE8-L 9.8803 39.6490 89.6894 160.6407 253.3872 369.3019
SQE8-H 9.8811 39.6624 89.7571 160.8537 253.6615 369.5068
17 SQE8-L 9.8802 39.6490 89.6888 160.6399 253.3860 369.0764
SQE8-H 9.8810 39.6611 89.7504 160.8307 253.8495 370.0311
19 SQE8-L 9.8802 39.6491 89.6892 160.6422 253.3883 369.0978
SQE8-H 9.8810 39.6604 89.7472 160.8209 253.8282 369.9803
21 SQE8-L 9.8802 39.6494 89.6901 160.6460 253.3951 369.1136
SQE8-H 9.8810 39.6602 89.7459 160.8169 253.8183 369.9609
Analytical 9.8810 39.6600 89.7454 160.8149 253.8140 369.9512
Table 3: Comparison of first six frequencies for a simply supported beam.
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N Model ω¯1 ω¯2 ω¯3 ω¯4 ω¯5 ω¯6
7 SQE8-L 22.4033 62.3142 111.4149 340.7851 353.7644 —
SQE8-H 17.5096 43.8559 88.2238 251.2650 356.4709 —
9 SQE8-L 22.4040 61.9927 121.8060 212.6738 268.6578 988.6651
SQE8-H 22.2382 60.5383 93.3097 169.9119 287.7418 880.3811
11 SQE8-L 22.4040 61.9898 122.2289 204.1210 301.0061 497.0841
SQE8-H 22.4040 61.9839 118.1267 195.3483 268.7911 451.4562
13 SQE8-L 22.4040 61.9899 122.2347 203.6668 307.0701 434.3626
SQE8-H 22.4040 61.9899 122.1750 203.4007 294.1555 424.9945
15 SQE8-L 22.4040 61.9899 122.2343 203.6670 307.2807 434.8845
SQE8-H 22.4040 61.9899 122.2343 203.6670 307.2807 434.8845
17 SQE8-L 22.4040 61.9899 122.2343 203.6644 307.2691 434.3392
SQE8-H 22.4040 61.9899 122.2350 203.6668 307.2620 434.2469
19 SQE8-L 22.4040 61.9899 122.2344 203.6645 307.2707 434.2732
SQE8-H 22.4040 61.9899 122.2350 203.6667 307.2777 434.2899
21 SQE8-L 22.4040 61.9899 122.2345 203.6647 307.2719 434.2764
SQE8-H 22.4040 61.9900 122.2350 203.6667 307.2779 434.2905
Analytical 22.4040 61.9900 122.2350 203.6676 307.2790 434.2906
Table 4: Comparison of first six elastic frequencies for a free-free beam.
3.2 Stability analysis of gradient elastic beams using
quadrature elements
In this section, the applicability of the proposed elements for stability analysis
of prismatic second gradient Euler-Bernoulli beam is verified. The conver-
gence of the critical buckling load for a simply supported beam obtained
using SQE8-L and SQE8-H is shown in Table 5, and compared with the an-
alytical values obtained in the Appendix-I for g1 = 0.015, g2 = 0.01. Good
convergence trend is exhibited by both the elements. Hence, a single SQE8-
L or SQE8-H element with few nodes can be efficiently used to study the
buckling behaviour of a second strain gradient elastic beam.
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N SQE8-L SQE8-H
5 9.8842 15.1639
6 9.8915 8.9866
7 9.8913 9.6074
8 9.8912 9.9038
9 9.8912 9.9048
10 9.8911 9.8935
11 9.8912 9.8931
12 9.8910 9.8931
13 9.8910 9.8929
14 9.8910 9.8927
15 9.8909 9.8926
Analytical 9.8926
Table 5: Comparison of normalized buckling load for a simply supported
beam.
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4 Conclusion
Two novel versions of weak form quadrature elements are proposed to solve a
eighth order differential equation associated with the second strain gradient
Euler-Bernoulli beam theory. The two elements are based on Lagrange and
Hermite interpolations, respectively. A novel way was introduced to account
for the multi-degrees of freedom related to second strain gradient theory. The
performance of the proposed elements was demonstrated through numerical
examples on bending, free vibration and stability analysis of prismatic gra-
dient beams. Based on the findings it was concluded that, both elements
exhibit excellent performance with fewer number of nodes.
References
[1] Xinwei Wang, Differential Quadrature and Differential Quadrature Based
Element Methods Theory and Applications,.Elsevier, USA, 2015
[2] C. Shu, Differential Quadrature and Its Application in Engineering,.
Springer-Verlag, London, 2000.
[3] Bellman RE, Casti J., Differential quadrature and long-term integration.
Journal of Mathematical Analysis and Applications 1971; 34:235–238.
[4] Bert, C. W., and Malik, M., 1996,Differential Quadrature Method in
Compu-tational Mechanics: A Review,. ASME Appl. Mech. Rev., 49(1),
pp. 1–28.
[5] Bert, C. W., Malik, M., 1996,The differential quadrature method for ir-
regular domains and application to plate vibration.. International Journal
of Mechanical Sciences 1996; 38:589–606.
[6] H. Du, M.K. Lim, N.R. Lin, Application of generalized differential quadra-
ture method to structural problems,. Int. J. Num. Meth.Engrg. 37 (1994)
1881–1896.
[7] O. Civalek, O.M. Ulker., Harmonic differential quadrature (HDQ) for
axisymmetric bending analysis of thin isotropic circular plates,. Struct.
Eng. Mech.17 (1) (2004) 1–14.
[8] X. Wang, H.Z. Gu, Static analysis of frame structures by the differen-
tial quadrature element method,. Int. J. Numer. Methods Eng. 40 (1997)
759–772.
20
[9] Wang Y, Wang X, Zhou Y., Static and free vibration analyses of rect-
angular plates by the new version of differential quadrature element
method, International Journal for Numerical Methods in Engineering
2004; 59:1207–1226.
[10] Y. Xing, B. Liu, High-accuracy differential quadrature finite element
method and its application to free vibrations of thin plate with curvilinear
domain, Int. J. Numer. Methods Eng. 80 (2009) 1718–1742.
[11] Karami G, Malekzadeh P., A new differential quadrature methodol-
ogy for beam analysis and the associated differential quadrature element
method. Computer Methods in Applied Mechanics and Engineering 2002;
191:3509–3526.
[12] A.G. Striz, W.L. Chen, C.W. Bert, Static analysis of structures by
the quadrature element method (QEM),. Int. J. Solids Struct. 31 (1994)
2807–2818.
[13] W.L. Chen, A.G. Striz, C.W. Bert, High-accuracy plane stress and plate
elements in the quadrature element method, Int. J. Solids Struct. 37 (2000)
627–647.
[14] T.Y. Wu, G.R. Liu, Application of the generalized differential quadrature
rule to sixth-order differential equations, Comm. Numer. Methods Eng.
16 (2000) 777–784.
[15] G.R. Liu a , T.Y. Wu b, Differential quadrature solutions of eighth-order
boundary-value differential equations, Journal of Computational and Ap-
plied Mathematics 145 (2002) 223–235.
[16] H.Z. Zhong, Z.G. Yue, Analysis of thin plates by the weak form quadra-
ture element method, Sci. China Phys. Mech. 55 (5) (2012) 861–871.
[17] Malik M., Differential quadrature element method in computational me-
chanics: new developments and applications. Ph.D. Dissertation, Univer-
sity of Oklahoma, 1994.
[18] X. Wang, Y. Wang, Free vibration analysis of multiple-stepped beams
by the differential quadrature element method, Appl. Math. Comput. 219
(11) (2013) 5802–5810.
[19] O. Civalek, Application of differential quadrature (DQ) and harmonic
differential quadrature (HDQ) for buckling analysis of thin isotropic plates
and elastic columns. Eng. Struct. 26 (2) (2004) 171–186.
21
[20] H. Du, M.K. Lim, N.R. Lin, Application of generalized differential
quadrature to vibration analysis,. J. Sound Vib. 181 (1995) 279–293.
[21] Karami G, Malekzadeh P., Application of a new differential quadrature
methodology for free vibration analysis of plates. Int. J. Numer. Methods
Eng. 2003; 56:847–868.
[22] Chunhua Jin, Xinwei Wang, Luyao Ge, Novel weak form quadrature
element method with expanded Chebyshev nodes, Applied Mathematics
Letters 34 (2014) 51–59.
[23] C.W. Bert, M. Malik, Differential quadrature method in computational
mechanics:. A review, Appl. Mech. Rev. 49 (1996) 1–28.
[24] Md. Ishaquddin, S. Gopalakrishnan, Novel differential quadrature
element method for higher order strain gradient elasticity theories,
http://arxiv.org/abs/1802.08115.
[25] Md. Ishaquddin, S. Gopalakrishnan, Novel weak form quadrature
elements for non-classical higher order beam and plate theories,
http://arxiv.org/abs/1802.05541.
[26] Mindlin, R.D., 1965.1964. Micro-structure in linear elasticity. Arch. Rat.
Mech. Anal. 16, 52–78.
[27] Mindlin, R., Eshel, N., 1968. On first strain-gradient theories in linear
elasticity. Int. J. Solids Struct. 4, 109–124.
[28] Mindlin, R.D., 1965.1964. Micro-structure in linear elasticity. Arch. Rat.
Mech. Anal. 16, 52–78.
[29] Fleck, N.A., Hutchinson, J.W., A phenomenological theory for strain
gradient effects in plasticity. 1993. J. Mech. Phys. Solids 41 (12),
1825e1857.
[30] Koiter, W.T., 1964.Couple-stresses in the theory of elasticity, I & II.
Proc. K. Ned.Akad. Wet. (B) 67, 17–44.
[31] Harm Askes, Elias C. Aifantis, Gradient elasticity in statics and dynam-
ics: An overview of formulations,length scale identification procedures,
finite element implementations and new results Int. J. Solids Struct. 48
(2011) 1962–1990
[32] Aifantis, E.C., Update on a class of gradient theories. 2003.Mech. Mater.
35,259e280.
22
[33] Altan, B.S., Aifantis, E.C., On some aspects in the special theory of
gradient elasticity. 1997. J. Mech. Behav. Mater. 8 (3), 231e282.
[34] Papargyri-Beskou, S., Tsepoura, K.G., Polyzos, D., Beskos, D.E., Bend-
ing and stability analysis of gradient elastic beams. 2003. Int. J. Solids
Struct. 40, 385e400.
[35] S. Papargyri - Beskou, D. Polyzos, D. E. Beskos, Dynamic analysis
of gradient elastic flexural beams. Structural Engineering and Mechanics,
Vol. 15, No. 6 (2003) 705–716.
[36] A.K. Lazopoulos, Dynamic response of thin strain gradient elastic
beams, International Journal of Mechanical Sciences 58 (2012) 27–33.
[37] Papargyri-Beskou, S., Beskos, D., Static, stability and dynamic analysis
of gradient elastic flexural Kirchhoff plates. 2008. Arch. Appl. Mech. 78,
625e635.
[38] Lazopoulos, K.A., On the gradient strain elasticity theory of plates.
2004. Eur. J.Mech. A/Solids 23, 843e852.
[39] Papargyri-Beskou, S., Giannakopoulos, A.E., Beskos, D.E., Variational
analysis of gradient elastic flexural plates under static loading. 2010. In-
ternational Journal of Solids and Structures 47, 2755e2766.
[40] I. P. Pegios S. Papargyri-Beskou D. E. Beskos, Finite element static
and stability analysis of gradient elastic beam structures, Acta Mech 226,
745–768 (2015).
[41] Mindlin, R.D, 1965. Second gradient of strain and surface-tension in
linear elasticity. Int. J. Solids Struct. 1, 417–438.
[42] Chien, H.Wu, 1965.Cohesive elasticity and surface phenom-
ena.Quarterly of applied mathematics, Vol L, Nmber 1, March
1992, pp 73–103 .
[43] Castrenze Polizzotto, Gradient elasticity and nonstandard boundary con-
ditions. Int. J. Solids Struct. 2003, 40,7399–7423.
[44] Markus Lazar, Gerard A. Maugin , Elias C. Aifantis, Dislocations in
second strain gradient elasticity. Int. J. Solids Struct. 2006, 43,1787–1817.
[45] Kitahara, M. (1985), Boundary Integral Equation Methods in Eigenvalue
Problems of Elastodynamics and Thin Plates, Elsevier, Amsterdam.
23
[46] J.N. Reddy, Energy Principles and Variational Methods in Applied Me-
chanics, Second Edition, John Wiley, NY, 2002.
[47] S.P. Timoshenko, D.H. Young, Vibration Problem in Engineering, Van
Nostrand Co., Inc., Princeton, N.J., 1956.
APPENDIX
Analytical solutions for second strain gradient
Euler-Bernoulli beam
In this section we obtain the analytical solutions for bending, free vibration
and stability analysis of second strain gradient Euler-Bernoulli beam.
Bending analysis
Let us consider a beam of length L subjected to a uniformly distributed
load q. To obtain the static deflections of the second gradient elastic Euler-
Bernoulli beam which is governed by Equation (12), we assume a solution of
the form
w(x) = c1 + c2x+ c3x
2 + c4x
3 + c5e
n1x + c6e
n2x + c7e
m1x + c8e
m2x − qx
4
24EI
(A1)
where
n1 =
√
g21 +
√
g41 − 4g42
2g42
, n2 = −
√
g21 +
√
g41 − 4g42
2g42
,
m1 =
√
g21 −
√
g41 − 4g42
2g42
, m2 = −
√
g21 −
√
g41 − 4g42
2g42
,
The constants c1 − c8 are determined with the aid of boundary conditions
listed in Equation (13) and (14). After applying the boundary conditions the
system of equations are expressed as:
[K]{δ} = {f} (A2)
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here K is the coefficient matrix, f is the vector corresponding to the load
and {δ} = {c1, c2, c3, c4, c5, c6, c7, c8} is the unknown constant vector to be de-
termined. Once the unknown constants are obtained then the displacement
solution is computed from the Equation (A1). The slope at any point along
the length of the beam can be obtained by performing the first derivatives of
the displacement. To have real and positive roots we assumed g1/g2 >
√
2 in
the present analysis. The simultaneous equations to determine the unknown
coefficients for a simply supported beam is given as:
(a) Simply supported beam :
[K] =

1 0 0 0 1 1 1 1
1 L L2 L3 em1L em2L en1L e
n2L
0 0 2 0 a11 a12 a13 a14
0 0 2 6L b11 b12 b13 b14
0 0 2 0 m21 m
2
2 n
2
1 n
2
2
0 0 2 6L m21e
m1L m22e
m2L n21e
n1L n22e
n2L
0 0 0 6 m31 m
3
2 n
3
1 n
3
2
0 0 0 6 m31e
m1L m32e
m2L n31e
n1L n32e
n2L

, {f} =

0
−qL4/24EI
g21q/EI
g21q/EI − qL2/2EI
0
−qL2/2EI
0
−qL/EI

where,
a11 = m
2
1 − g21m41 + g42m61, a12 = m22 − g21m42 + g42m62,
a13 = n
2
1 − g21n41 + g42n61 , a14 = n22 − g21n42 + g42n62
b11 = (m
2
1 − g21m41 + g42m61)em1L, b12 = (m22 − g21m42 + g42m62)em2L,
b13 = (n
2
1 − g21n41 + g42n61)en1L, b14 = (n22 − g21n42 + g42n62)en2L
Free vibration analysis
To obtain the natural frequencies for a second gradient elastic Euler-Bernoulli
beam which is governed by Equation (12), we assume a solution of the form
w(x, t) = w¯(x)eiωt (B1)
substituting the above solution in the governing equation (12), we get
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w¯iv − g21w¯vi + g42w¯viii −
ω2
β2
w¯ = 0 (B2)
here, β2 = EI/m, and the above equation has the solution of type
w¯(x) =
8∑
j=1
cie
kix (B3)
where, ci are the constants of integration which are determined through
boundary conditions and the ki are the roots of the characteristic equation
kiv − g21kvi + g42kviii −
ω2
β2
= 0 (B4)
After applying the boundary conditions listed in Equations (13) and (14)
we get,
[F (ω)]{C} = {0} (B5)
For non-trivial solution, following condition should be satisfied
det[F (ω)] = 0 (B6)
The above frequency equation renders all the natural frequencies for a sec-
ond strain gradient Euler-Bernoulli beam. The following are the frequency
equations for simply supported and free-free boundary conditions.
(a) Simply supported beam :
[F (ω)] =

1 1 1 1 1 1 1 1
e(k1L) e(k2L) e(k3L) e(k4L) e(k5L) e(k6L) e(k7L) e(k8L)
k1
2 k2
2 k3
2 k4
2 k5
2 k6
2 k7
2 k8
2
t1 t2 t3 t4 t5 t6 t7 t8
t1e
(k1L) t2e
(k2L) t3e
(k3L) t4e
(k4L) t5e
(k5L) t6e
(k6L) t7e
(k7L) t8e
(k8L)
k31 k
3
2 k
3
3 k
3
4 k
3
5 k
3
6 k
3
7 k
3
8
k31e
(k1L) k32e
(k2L) k33e
(k3L) k34e
(k4L) k35e
(k5L) k36e
(k6L) k37e
(k7L) k38e
(k8L)

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(e) Free-free beam :
[F (ω)] =

p1 p2 p3 p4 p5 p6 p7 p8
r1 r2 r3 r4 r5 r6 r7 r8
q1 q2 q3 p4 q5 q6 q7 q8
k41 k
4
2 k
4
3 k
4
4 k
4
5 k
4
6 k
4
7 k
4
8
p1e
(k1L) p2e
(k2L) p3e
(k3L) p4e
(k4L) p5e
(k5L) p6e
(k6L) p7e
(k7L) p8e
(k8L)
r1e
(k1L) r2e
(k2L) r3e
(k3L) r4e
(k4L) r5e
(k5L) r6e
(k6L) r7e
(k7L) r8e
(k8L)
q1e
(k1L) q2e
(k2L) q3e
(k3L) p4e
(k4L) q5e
(k5L) q6e
(k6L) s7e
(k7L) q8e
(k8L)
k41e
(k1L) k42e
(k2L) k43e
(k3L) k44e
(k4L) k45e
(k5L) k46e
(k6L) k47e
(k7L) k48e
(k8L)

Where,
t1 = (−g21k41 + g42k61), t2 = (−g21k42 + g42k62), t3 = (−g21k43 + g42k63)
t4 = (−g21k44 + g42k64), t5 = (−g21k45 + g42k65) t6 = (−g21k46 + g42k66)
t7 = (−g21k47 + g42k67), t8 = (−g21k48 + g42k68)
p1 = (k
3
1 − g21k15 + g42k17), p2 = (k32 − g21k25 + g42k27)
p3 = (k
3
3 − g21k35 + g42k37) , p4 = (k34 − g21k45 + g42k47)
p5 = (k
3
5 − g21k55 + g42k57), p6 = (k36 − g21k65 + g42k67)
p7 = (k
3
7 − g21k75 + g42k77), p8 = (k38 − g21k85 + g42k87)
r1 = (k
2
1 − g21k14 + g42k16), r2 = (k22 − g21k24 + g42k26)
r3 = (k
2
3 − g21k34 + g42k36) , r4 = (k24 − g21k44 + g42k46)
r5 = (k
2
5 − g21k54 + g42k56), r6 = (k26 − g21k64 + g42k66)
r7 = (k
2
7 − g21k74 + g42k76), r8 = (k28 − g21k84 + g42k86)
q1 = (g
2
1k1
3 − g42k15), q2 = (g21k23 − g42k25)
q3 = (g
2
1k3
3 − g42k35) , q4 = (g21k43 − g42k45)
q5 = (g
2
1k5
3 − g42k55), q6 = (g21k63 − g42k65)
q7 = (g
2
1k7
3 − g42k75), q8 = (g21k83 − g42k85)
Stability analysis
To obtain the buckling load for a second strain gradient Euler-Bernoulli beam
which is governed by Equation (12), we assume a solution of the form
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w(x) = c1 + c2x+ c3e
m1x + c4e
m2x + c5e
m3x + c6e
n1x + c7e
n2x + c8e
n3x
(C1)
where, ci are the constants of integration which are determined using the
boundary conditions and m1,2,3 and n1,2,3 are the roots of the following char-
acteristic equation:
g42s
6 − g21s4 + s2 +
P
EI
= 0 (C2)
After applying the boundary conditions listed in Equations (13) and (14)
we get,
[G¯(P )]{C} = {0} (C3)
For non-trivial solution,
det[G¯(P )] = 0 (C4)
The above Eigenvalue problem yields the buckling load for a second strain
gradient Euler-Bernoulli beam. The system equations for a simply supported
beam is given as:
(a) Simply supported beam :
[F (ω)] =

1 0 1 1 1 1 1 1
1 L e(m1L) e(m2L) e(m3L) e(n1L) e(n2L) e(n3L)
0 0 m1
2 m2
2 m3
2 n1
2 n2
2 n3
2
0 0 t3 t4 t5 t6 t7 t8
0 0 t3e
(m1L) t4e
(m2L) t5e
(m3L) t6e
(n1L) t7e
(n2L) t8e
(n3L)
0 0 m31 m
3
2 m
3
3 n
3
1 n
3
2 n
3
3
0 0 m31e
(m1L) m32e
(m2L) n31e
(n1L) n32e
(n2L) n33e
(n3L) n34e
(n4L)

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